Abstract. We obtain some interesting results about the parity of the Fourier coefficients of hauptmoduln j N (z) and j + N (z), for some positive integers N . We use elementary methods and the techniques of O. Kolberg's proof for the parity of the partition function.
Introduction
The Klein's j-function plays a central role in several areas of number theory, which is defined by:
where z ∈ H and q := e 2πiz . Note that, in above ∆(z) = q ∞ n=1 (1 −q n ) 24 is the Ramanujan's Delta function and E 4 (z) is the normalized Eisenstein series of weight 4.
In the theory of modular functions, the study of congruences for Fourier coefficients has a long history. In particular, congruences for the coefficients c(n) of the Klein's j-function have been studied by many mathematicians like, O. Kolberg [3] , J. Lehner [4] , K. Ono [7] , J. P. Serre [8] , among many others. In [1] , C. Alfes says that "Surprisingly little is known about the behavior of the coefficients c(n) modulo a prime". Regarding the parity of c(n), it is easy to check that c(n) is even whenever n ≡ 7 (mod 8). This motivates to ask the parity of c(n) in the arithmetic progression n ≡ 7 (mod 8). A large amount of work has recently been done in this direction, by a variety of methods (see, [1, 6, 7] ). In 2012, Ono and Ramsey [7] proved that there are infinitely many d such that c(nd 2 ) is even whenever n ≡ 7 (mod 8). Also, by using the mod p analogue of Atkin-Lehner's theorem and the generalized Borcherds product, they proved that for any n ≡ 7 (mod 8), if there exists one odd integer d such that c(nd 2 ) is odd, then there are infinitely many odd integers m such that c(nm 2 ) is odd. Recently, M. R. Murty and R. Thangadurai [6] , in the spirit of Kolberg's [2] proof of parity of partition function, gave a range in which a suitable n ≡ 7 (mod 8) can be chosen such that c(n) is odd (respectively, even). According to [1] , it is expected that the odd coefficients are supported on the "one half" of the arithmetic progression n ≡ 7 (mod 8).
Motivated from the work of Murty and Thangadurai [6] , in this paper we obtain the parity of the Fourier coefficients of hauptmoduln j N (z) and j ∞ n=1 (1 − q n ) in the following way.
For any positive integer N, we always denote the n-th Fourier coefficients of j N (z) and j + N (z) by c N (n) and c + N (n) respectively. From the definitions (2) and (3), it is clear that c N (n) and c + N (n) are integers. Also, note that for N = 2, 3, 4, 5, 7, and 13
The above equation suggests that the method used to study the Fourier coefficients c + N (n) may also be applicable to get similar results for c N (n). In our setting, regarding the parity, this is exactly true. Therefore, we study the parity of the coefficients c + N (n) for N = 2, 3, 4, 7 and give a detail proof of our statements in sections 2-4. By using the same techniques, we have obtained the analogous results for c N (n), which is listed in the table given in section 5. Note that for N = 5 and 13, similar methods are applicable for the study of the parity of c N (n) and we have included the result in the table. To the best of our knowledge, this is the first draft which deals with parity of coefficients of hauptmoduln for congruence subgroups as well as for Fricke groups. In this section, first we prove that the Fourier coefficients of j(z), j 
Proof. From the definition of the function j + 2 (z) given in (3), we have
We know that η(z) η(2z)
Using the binomial theorem and the fact that (1+q n ) ≡ (1−q n ) (mod 2), an easy calculation
Combining (5) and (6) together with the above congruence gives
By using similar arguments as above, we show that
It is well-known that E 3 4 (z) ≡ 1 (mod 2) and using it in (1), we get
Combining (7), (8) and (9), we get
, which completes the proof.
In the literature there are many results about the parity of the coefficients c(n) of the Klein's j-function. From the above theorem the corresponding results holds good for c From the definition given in (3), we have
In view of the right hand side of the above congruence, we introduce two functions f 
and
Here a . By using the product formula for eta function and simplifying further, we have
Similarly
We note that a + 3 (n) and b + 3 (n) are even whenever n ≡ 3 (mod 4) and n ≡ 1 (mod 4) respectively. Therefore, from (10) we have
For n ≡ 0, 2 (mod 4), c + 3 (n) is even and therefore, it is natural to ask the parity of c + 3 (n) in the arithmetic progressions n ≡ 1 (mod 4) and n ≡ 3 (mod 4). Furthermore, the above congruence shows that it is sufficient to study the parity of a To obtain these results, we prove following lemmas related to the parity of the Fourier coefficients a Proof. We know that (x+y)
, where x and y are integers. Using this, we have
Now, using the well-known Jacobi identity
in the last expression of (15), we obtain
Using the similar arguments, we also get
By using (16) and (17) in the definition of f + 3 given in (11), we get
Comparing the corresponding coefficients of q n from the both sides of the above congruence, completes the proof.
Lemma 3.4. For any integer n 1, we have
Proof. This follows by the same method as the proof of Lemma 3.3.
Now we are ready to prove our theorems.
Proof of Theorem 3.1 (a). Let n = 6t(t + 1) and so from the assumption n is not of the form 2l(l + 1) for any l. Substituting this value of n in Lemma 3.3, we get
Note that the above sum is finite since a + 3 (n) = 0 if n < −1. Thus the above congruence is actually
Equivalently, by using a + 3 (−1) = 1, we write
where α 3,t (k) := 6t(t + 1) − 6k(k + 1) − 1 which is ≡ 3 (mod 4). Hence there exist some k such that 0 k t − 1 and a + 3 (α 3,t (k)) is odd. Now to complete the proof, it is sufficient to show that for each 0 k t − 1, α 3,t (k) ∈ I 3,t . This follows from the fact that α 3,t (k) is decreasing function of k and α 3,t (0), α 3,t (t − 1) ∈ I 3,t .
ON THE PARITY OF THE FOURIER COEFFICIENTS OF HAUPTMODULN jN (z) AND j
Proof of Theorem 3.1 (b). We prove the result by contradiction. Suppose that a + 3 (m) is odd whenever m ≡ 3 (mod 4) and m ∈ J 3,t . Put n = 12t(2t + 1) in Lemma 3.3 to get
Using the similar arguments as before, we get
where β 3,t (k) := 12t(2t + 1) − 6k(k + 1) − 1 which is ≡ 3 (mod 4). Again, one can easily see that β 3,t (k) ∈ J 3,t , for all 0 k 2t − 1. Now, the number of terms in the left hand side of (18) is even, namely 2t and by the assumption on a + 3 (m) each term is odd. Therefore, the left hand side of (18) is ≡ 0 (mod 2), which is a contradiction.
Proof of the Theorem 3.2. Putting n = 2t(t + 1) (respectively, = 4t(2t + 1)) in the Lemma 3.4 and following the method of the proof of Theorem 3.1 (a) (respectively, Theorem 3.1 (b)), we get the result.
Parity of the Fourier coefficients of j
In this section we investigate the parity of the coefficients c + 7 (n). Form the definition (3), we have
To make our calculations easy, we introduce two functions f 
From (19) and (20), it is clear that to determine the parity of c + 7 (n), it is sufficient to know the parity of a + 7 (n) and b + 7 (n). More precisely, for all n 1, we have c
. Now simplifying the eta quotients, we get
(mod 2), and similarly
Note that a + 7 (n) and b + 7 (n) are even whenever n ≡ 3 (mod 4) and n ≡ 1 (mod 4) respectively. Combining the above discussions, we get
(mod 2) otherwise.
For n ≡ 0, 2 (mod 4), c + 7 (n) is even. It is natural to investigate the parity of c + 7 (n) in the arithmetic progression n ≡ 1 (mod 4) and n ≡ 3 (mod 4). The following theorems answer these questions. 
Proof. Using the product identity
, we obtain
Also form (20), we have
Substituting the congruences (22) and (23) in (24), we get
. Multiplication of series in above congruence gives
(mod 2).
Now comparing the corresponding coefficients of q n form the both sides of the above congruence, gives the required result.
Lemma 4.4. For any integer n 1, we have
Proof. The proof follows by using similar arguments as in the proof of Lemma 4.3 and we leave it to the reader.
Proof of the Theorem 4.1 (a). Suppose, contrary to our claim, that a + 7 (m) is even for all m ∈ I 7,t . Putting n = 14t(3t − 1) in the Lemma 4.3 and using the hypothesis of the theorem, we obtain
Above congruence can be written as
where α 7,t (k) = 14t(3t − 1) − 14k(3k − 1) − 1 and β 7,t (k) = 14t(3t − 1) − 14k(3k + 1) − 1. Since a + 7 (m) = 0 for m < −1, so the sum on the left hand side of (26) is finite and the maximum value of k in the sum will be t. Therefore, we write the congruence (26) as
But a 
Clearly, for a fix t, α 7,t and β 7,t are decreasing functions. In view of α 7,t (0), α 7,t (t − 1), β 7,t (0), β 7,t (t − 1) ∈ I 7,t , it follows that
Now the assumption on a + 7 (m) implies that the left hand side of (27) is ≡ 0 (mod 2), which is a contradiction.
Proof of the Theorem 4.1 (b). Assume on the contrary that a + 7 (m) is odd for every m ∈ J 7,t and m ≡ 3 (mod 4). As before, putting n = 28t(6t − 1) in the Lemma 4.3 and using the hypothesis of the theorem, we have
For k ∈ N ∪ {0}, we denote, γ 7,t (k) = 28t(6t − 1) − 14k(3k − 1) − 1 and δ 7,t (k) = 28t(6t − 1) − 14k(3k + 1) − 1. Using these notations, we write the above congruence, as
The maximum value of k in the above sum will be 2t because after that a + 7 (γ 7,t (k)) and a + 7 (δ 7,t (k)) are zero. Therefore the above congruence becomes
Note that a
(−1) = 1 and a + 7 (δ 7,t (2t)) = a + 7 (−56t − 1) = 0 for any t ∈ N. Substituting these values in (28), we get
Arguing as before, it follows that for all 0 k 2t − 1, γ 7,t (k), δ 7,t (k) ∈ J 7,t . Now, the assumption on a + 7 (m) and the fact that the sum on the left hand side of the (29) has even number of terms gives a contradiction.
Proof of the Theorem 4.2. Putting n = 2t(3t − 1) + 1 (respectively, = 4t(6t − 1) + 1) in the Lemma 4.4 and following the method of the proof of the Theorem 4.1 (a) (respectively, Theorem 4.1 (b)), we get the results.
Parity of the Fourier coefficients of j N (z)
In the following table, we give analogues results about the parity of Fourier coefficients of j N (z) for N = 2, 3, 4, 5, 7 and 13. The proof of these statements follow by using the same techniques as we have used in the sections 2, 3 and 4. We remark that c N (n) is even if n is not in the arithmetic progression mentioned in the second column. 
Further Remark
For the proof of our results, we rely on the fact that for N = 2, 3, 4, 5, 7 and 13 the corresponding hauptmoduln j N (z) and j + N (z) have explicit expression in terms of η-function. Also by using the method of this paper, we could not conclude any result about the parity of the coefficients c + N (n) for N = 5 and 13. It would be interesting to extend these results for congruence subgroup and Fricke groups for higher level. Moreover, one may even ask to get some shorter intervals having the same properties as in the statements of this paper.
Similar to the Klein's j-function, we expect that the Fourier coefficients of j N (z) and j + N (z) in some arithmetic progression, are both even and odd with density 1 2 .
